Let G be a simple connected graph with n vertices and n edges which we call an unicyclic graph. In this paper, we first investigate the least eigenvalue λ n (G), then we present two sharp bounds of the spread s(G) of G.
Introduction
In this paper, all graphs are finite undirected connected graphs without loops and multiple edges. Let A n,n = {G|G is a connected graph with n vertices and n edges, n ≥ 3}.
Obviously, there is an unique cycle in G ∈ A n,n . So, we call G is an unicyclic graph and, A n,n is the set of unicyclic graphs.
By eigenvalues of a graph G we mean eigenvalues of its adjacency matrix A. The spectral spread (briefly the spread) s(G) of G is the spread s(A) of its adjacency matrix A, i.e. s(A) = s(G) = λ 1 (G)−λ n (G), where λ 1 (G) and λ n (G) are the largest and least eigenvalues of G, respectively. For definition and properties of the spread of matrix, one can consult [7] .
As s(G) is the diameter of the spectrum of G, it is very necessary to investigate the spread s(G). For any connected graph T with n vertices and n − 1 edges(i.e. T is a tree), since λ 1 (P n ) ≤ λ 1 (T ) ≤ λ 1 (K 1,n−1 ) [9] and P n , T , K 1,n−1 are bipartite graphs, we can get that s(P n ) ≤ s(T ) ≤ s(K 1,n−1 ). In this paper, we study the spread of a connected graph G with n vertices and n edges (i.e. G is an unicyclic graph). There is a considerable literature on the spread of the graphs with all kinds of propositions ( [2] [3] [6] [8] [13] ). Our results are due to the conjecture in [3] .
Conjecture [3] Of all the graphs with n vertices and e edges, suppose G is one with maximum spread. If e ≤ n 2 4 , then G must be bipartite.
We consider the spread s(G) of the unicyclic graphs by proving the lower bound of the least eigenvalue. We get that
when G ∈ A n,n − {S Obviously, the number of the edges of S
, but S 3 n is not a bipartite graph. This disproves the conjecture when G is restricted to be connected.
The terminology not defined here can be found in [1] .
The Least Eigenvalues of G
In this section, we will investigate the least eigenvalue λ n (G) of G. We first present some basic lemmas in the following.
Lemma 2.1 [9] Let G be a tree with n vertices. Then 
The following lemma has been given in [14] . Now, we give a new proof as below. Lemma 2.4 [14] Let λ n (G) be the least eigenvalues of G, G ∈ A n,n and n ≥ 12. Proof. By Lemma 2.3, we can get that
By solving the equality λ
for n ≥ 11. Thus, the cubic polynomial f (λ) has three real roots lying in the
It is evident that
when n ≥ 12. Thus
when n ≥ 12.
That completes the proof.
By Lemma 2.4, we obtain two corollaries.
Corollary 2.5 Let λ n (G) be the least eigenvalues of G ∈ A n,n . Then
when n ≥ 11;
Proof. By the proof of Lemma 2.4 and
n ≥ 3, we can easy to get the result.
Corollary 2.6 Let λ 1 (G) be the largest eigenvalues of G ∈ A n,n . Then
Proof. From the proof of Lemma 2.4 and, f (
n ≤ 3, we obtain this corollary.
Lemma 2.7 [11]
Let G be a tree with n vertices, n ≥ 4 and G ∼ = K 1,n−1 . Then Fig.2 ).
The equality holds if and only if
G ∼ = T 1 (in
Lemma 2.8 [11]
Let G be a tree with n vertices and Fig.2.) . Then Fig.2 ). We denote the girth of G by g(G) or g.
The equality holds if and only if
G ∼ = T 2 (in
Lemma 2.9 [4] Let G be an unicyclic graph with girth g(G) = k. Then
We begin to consider the bound on the least eigenvalue λ n (G) of an unicyclic graph G and give a new proof of the following result. G, satisfying λ n (G) ≥ λ n (G ) . So, G is a tree or a forest with n vertices. Since G ∼ = S 3 n , then G ∼ = K 1,n−1 . By Lemma 2.7, it is easy to get that if n ≥ 6,
If n = 4, there is not unicyclic graph satisfying G ∼ = S 
Since the girth g is an even number, G and S 4 n are bipartite graphs. Then −λ n (G)= λ 1 (G) and −λ n (S
Obviously, from Lemma 2.7 and Lemma 2.9, the equality holds if and only if G ∼ = S 4 n . This completes the proof.
By Theorem 2.10 and Lemma 2.4, it is easy to get the following corollary.
Corollary 2.11 Let G be an unicyclic graph with n ≥ 12 vertices. Then
In the following theorem, we concentrate to determine λ n (G) of the unicyclic graph G with g = 3 and n ≤ 11. Theorem 2.12 Let G be an unicyclic graph with g = 3, n vertices and 6 ≤ n ≤ 11. Then
Proof. By Lemma 2.2, there exists a bipartite spanning subgraph G satisfying: λ n (G) ≥ λ n (G ). Since g = 3, G is a tree or a forest with n vertices.
If G is a forest, there exists a component T (i.e. a tree) with n ≤ n − 1 vertices and λ n (T ) = λ n (G ). By Lemma 2.1 and Corollary 2.5, we have
If G is not a forest but a tree, we suppose Fig.2 ). Then G ∼ = K 1,n−1 and G ∼ = T 1 (in Fig.2 ). By Lemma 2.8 and Corollary 2.5, we can get that, for n ≥ 6, Fig.2 ), we present the least eigenvalues of G with vertices 6 ≤ n ≤ 11 in the following 
This completes the proof.
The Bounds of the Spread s(G)
In this section, we discuss the upper bound and the lower bound of the spread s(G) of the unicyclic graph. We first state some lemmas about λ 1 (G) and s(G) . 
